Abstract. We show that every torsion-free virtually poly-Z group of Hirsch length 4 is the fundamental group of a closed 4-manifold with a geometry of solvable Lie type.
Notation
If G is a group let G ′ , ζG and √ G denote the commutator subgroup, centre and Hirsch-Plotkin radical of G. Let I(G) = {g ∈ G | ∃n > 0, g n ∈ G ′ } and let C G (H) be the centralizer of the subgroup H. Let Γ q be the nilpotent group with presentation x, yz | xz = zx, yz = zy, xy = z q yx .
Let R n be the space of column vectors φ = (φ 1 , . . . , φ n ) tr of length n, and let e 1 , . . . , e n be the standard basis vectors. Let E(r) = Isom(E r )
be the group of euclidean isometries of R n , and let I n be the n × n identity matrix.
Torsion-free virtually poly-Z groups with
Let π be a torsion-free virtually poly-Z group of Hirsch length 4. If π is virtually nilpotent then it is realized geometrically [5] . Otherwise √ π ∼ = Z 3 or Γ q , for some q ≥ 1, by Theorem 1.5 of [7] . Hence π/ √ π is an extension of Z or D ∞ = (Z/2Z) * (Z/2Z) by a finite normal subgroup. Thus π has a characteristic subgroup ν such that [ν :
√ π] <
∞ and π/ν ∼ = Z or D ∞ . Proof. Let ν be the characteristic subgroup of π containing √ π and such that π/ν ∼ = Z, and let t ∈ π represent a generator of π/ν. Then π ∼ = ν ⋊ τ Z, where τ is the automorphism of ν determined by conjugation by t. Let M = τ | √ π . If the eigenvalues κ, λ, µ of M were all roots of unity, of order dividing k, say, the subgroup generated by √ π and t k would be nilpotent, and of finite index in π. Therefore we may assume that κ, λ and µ are distinct and that neither κ nor λ is a root of unity. If ν = √ π then [ν :
√ π] = 2 and µ = ±1, by Theorem 8.3 of [7] .
Suppose first that the eigenvalues are all real. Then the eigenvalues of M 2 are all strictly positive. Since √ π ∼ = Z 3 there is a monomorphism f :
√ π → R 3 such that f M = T f , where T = diag[κ, λ, µ] ∈ GL(3, R). Let F (g) = I 3 f (g) 0 1
, for g ∈ √ π. We shall extend F to ν below, and let F (t) = T ξ 0 1 , where ξ ∈ R 3 is to be chosen so that
(In this theorem t (There is usually an obvious simplest choice, but the greater flexibility is useful for Theorem 2 below.) This condition needs checking only on a set of coset representatives for ν/ √ π, as it clearly holds for g ∈ √ π.
If ν = √ π we may choose ξ arbitrarily. In this case F determines a discrete cocompact embedding of π in Isom(Sol 4 m,n ), where m = trace(M 2 ) and n = trace(M −2 ). (If one of the eigenvalues of M is ±1 then m = n and the geometry is Sol 3 × E 1 . See Chapter 7. §3 of [7] .)
0 −1 ) or ( 0 1 1 0 ), by Theorem 8.3 of [7] . If ν ∼ = G 2 = Z 2 ⋊ θ Z where θ = −I 2 then ν has a presentation x, y, z | xy = yx, zxz
and {x, y, z 2 } is a basis for √ π. The subgroup I(ν) generated by {x, y} is characteristic in ν and therefore normal in π. The image of z generates ν/I(ν), and z 2 generates ζν. Hence tzt −1 = z ǫ k for some ǫ = ±1 and k ∈ I(ν), and so M(z 2 ) = z 2ǫ . Therefore ǫ = µ. Since R 3 is generated by the images of I(ν) and ζν and τ preserves each of these subgroups we may assume that f (I(ν)) is in the span of {e 1 , e 2 } and f (z 2 ) = e 3 . We extend F to π by setting F (z) = J e 3 0 1 , where
and {x, y 2 , z} represents a basis for √ π. In this case {x, y 2 } generates ζν and z generates I(ν). Since R 3 is generated by the images of ζν and I(ν) and τ preserves each of these subgroups we may assume that f (ζν) is in the span of {e 1 , e 2 } and f (z) = e 3 . Suppose that tyt −1 = mz r y, where m ∈ ζν and r ∈ Z. Then ty 2 t −1 = m 2 y 2 , and so T f (y 2 ) = 2f (m) + f (y 2 ). We extend F to π by setting F (y) =
and {x, y 2 , z} represents a basis for √ π. In this case {y 2 , x 2 z} represent a basis for ζν. Since R 3 is generated by the images of ζν and z and τ preserves each of these subgroups we may assume that f (ζν) is in the span of {e 1 , e 2 } and f (z) = e 3 . Suppose that tyt −1 = nx s y, where n ∈ ζν and s ∈ Z. Then ty
f (y 2 ) + he 3 and ξ = In each case, F determines a discrete cocompact embedding of π in Isom(Sol 3 × E 1 ). If the eigenvalues are not all real we may assume that λ =κ and µ = ±1. In this case we again have ν = √ π, by Theorem 8.3 of [7] .
Let R φ ∈ SO(2) be rotation of R 2 through the angle φ = Arg(κ). There is a monomorphism f :
, for n ∈ √ π, and let F (t) = ( T 0 0 1 ). Then F determines a discrete cocompact embedding of π in Isom(Sol [7] .) A similar argument gives the following theorem. We shall not give the details, since such groups are of Seifert fibred type, and thus known to be geometric [8] . (See however Theorems 3 and 5 of the next section.) Theorem 2. Let π be a torsion-free group with √ π ∼ = Z 3 and such that π/ √ π maps onto D ∞ with finite kernel. Then π is the fundamental group of a closed Sol 3 × E 1 -manifold.
Kemp's approach to the Seifert fibred cases follows Ue in using the fact that such groups π are extensions of flat 2-orbifold groups π cases.) He observes also that if the normal subgroup is Z ⋊ −1 Z (i.e., the general fibre is Kb) then the geometry must be E 4 or Nil
3. Sol 
The subgroup of such matrices with t = 1 is the group Nil 3 . Let G be the subgroup of GL(3, R) generated by Sol , and let P ∈ GL(3, R) be the permutation matrix which reverses the order of the standard basis of
, where the multiplication is given by (g, i)(h, j) = (gΩ i (h), i + j) for g, h ∈ G and i, j ∈ Z/2Z. For simplicity of notation we shall identify each g ∈ G with (g, 1) ∈ Isom(Sol such that π/ν ∼ = Z, and let t ∈ π represent a generator of π/ν. Then π ∼ = ν ⋊ τ Z, where τ is the automorphism of ν determined by conjugation by t. Let A be the induced automorphism of
Since π is not virtually nilpotent the eigenvalues α, β of A are distinct and not [7] .)
Suppose first that ν = √ π. Then τ (x) = x a y b z m and τ (y) = x c y d z n , for some a, . . . , n ∈ Z, and τ (z) = z det A = z αβ . Let e, f ∈ R 2 be the eigenvectors of A = ( a c b d ) corresponding to α and β, respectively. Let ( 1 0 ) = x 1 e + x 2 f , ( 0 1 ) = y 1 e + y 2 f, and let X = (
Hence the exponential series gives e vN = I 3 +vN +
2 . An easy calculation shows that (e vN ) n = e nvN for all n ∈ Z. We may define a homomorphism
T , where
(The sign term α |α| here is to ensure that F (t) ∈ G, and plays no role in the computations. Similarly in Theorem 5.) Then F (t)F (z) = F (z) αβ F (t) and so F extends to a homomorphism from π to Isom(Sol
These equations have unique solutions for t 1 and t 2 :
((2n + cdq)x 1 − (2m + abq)y 1 ) and
(The entry t 3 may be chosen freely.) It is easily seen that the corresponding homomorphism F is a discrete cocompact embedding.
) we may assume that wxw −1 = x −1 z i and wyw −1 = y −1 z j for some i, j ∈ Z, and so w 2 ∈ ζ √ π. Hence w 2 = z k , for some odd k ∈ Z, since ν is torsion-free. Thus ν has a presentation w, x, y, z | wxw
Define F (x), F (y) and F (t) as before, and let
where
reduces to the equations
On solving αx 1 = ax 1 + by 1 for y 1 in terms of x 1 and remembering that α + β = a + d and αβ = det A we see that the first equation is satisfied. Similarly for the second equation. The third equation follows from the first since qrs + 2p + ri + sj = k(det A − 1). Thus F determines a discrete cocompact embedding of π in Isom(Sol Lemma 4. Let ν be a torsion-free group with √ ν ∼ = Γ q and suppose that ν is generated by √ ν and an element u such that u 2 ∈ √ ν and
Proof. Let z generate ζ √ ν, and let U be the automorphism of √ ν/ζ √ ν induced by conjugation by u. Then det(U) = −1, since uzu −1 = z −1 , and u 2 ∈ ζν, since u(u 2 )u −1 = u 2 . Therefore U has eigenvalues {1, −1}, and so may be diagonalized (over Z). Thus we may assume √ ν has generators x, y and z such that uxu −1 = xz i and uyu
On replacing u by ux −P we see that we may vary p by any even number. In particular, we may assume that p = 1, since u 2 ∈ ζν. We may now replace x by u 2 z −r , so that u 2 = x. Hence xyx
, and so q must be even. Proof. Let ν be the characteristic subgroup of π containing √ π and such that π/ν ∼ = D ∞ , and let u, v ∈ π represent a pair of generators of order 2 for π/ν. Then u 2 and v 2 are elements of ν, and are nontrivial since π is torsion-free. Letπ be the subgroup of index 2 in π generated by ν and t = uv. Let U, V and T be the automorphisms of √ π/ζ √ π ∼ = Z 2 induced by conjugation by u, v and t, respectively. Since π is not virtually nilpotent T = UV has infinite order and distinct real eigenvalues α and β which are not ±1.
Suppose first that ν = √ π. Then U 2 = V 2 = I 2 . Since T = UV has infinite order neither of U or V is ±I 2 . Therefore det U = det V = −1, and so αβ = det T = +1. As in the lemma, we may assume the generators of ν so chosen that u 2 = x and uyu
. We shall assume also that txt −1 = x a y b z m and tyt −1 = x c y d z n , for some a, . . . , n ∈ Z, as in Theorem 3. (Note that abcd = 0, since π is not virtually nilpotent.) Let e ∈ R 2 = R ⊗ Z ( √ π/ζ √ π) be an eigenvector of T corresponding to α. Then T Ue = α −1 T UT e = βUe. Thus f = Ue is an eigenvector of T corresponding to β. Let [x] = x 1 e + x 2 f and [y] = y 1 e + y 2 f be the images of x and y in R 
It follows easily from the equations x 2 = x 1 and y 2 = −y 1 that
−n and vzv −1 = z −1 . On expanding out the left-hand side of the equation
The latter equation simplifies further to
The equation
We see also that a = d and a 2 − 1 = bc. Similarly, the equation
(The last two equations are equivalent, since bc = (a + 1)(a − 1) and ck = (1 − a)g.) Note that αβ = 1, α + β = 2a, x 1 = x 2 , y 1 = −y 2 and ck = (1 − a)g, and that as [
is fixed by UT , we have α(gx 1 + ky 1 ) = gx 2 + ky 2 . On expressing t 1 and t 2 in terms of x 1 , . . . , y 2 and using these observations, we may verify that
Then F determines a discrete cocompact embedding of π in Isom(Sol 4 1 ). If ν = √ π then ν is generated by x, y and w, with wxw −1 = x −1 z i , wyw −1 = y −1 z j and w 2 = z k , for some i, j, k ∈ Z with k odd. Suppose first that u 2 ∈ √ π. Then we may assume that u 2 = x and uyu
, by the first part of this theorem (applied to the subgroup of index 2 generated by √ π, u and t). Since uwu
Squaring both sides of the equation
Similarly, squaring both sides of the equation
Conjugating x by uwu −1 w −1 gives y ψ xy −ψ = xz 2i , and so 2i = −qψ.
(Conjugating y and z by uwu −1 w −1 gives no further constraints.) We again let F :π → Isom(Sol 4 1 ) be the embedding given in Theorem 3, and let F (u) = (K, Ω), where K is as above. On setting
(w 1 w 2 − [x, y]), x 2 = x 1 and y 2 = −y 1 , and using the conditions on the exponents a, . . . , s, ψ, ρ given in Theorem 3, we see that
Then F determines a discrete cocompact embedding of π in Isom(Sol
, and we may assume that w = u 2 , uxu −1 = y and uyu If det A = −1 this determines ρ in terms of the other exponents; otherwise it gives no constraint on ρ. Note also that det 
It is also easily seen that F (y)F (u) = F (u)F (x). (This uses the fact that y 1 = −x 2 and y 2 = x 1 .) Since ν, u is generated by u, x and z it follows that F (ugu
On using the equations y 1 = −x 2 and y 2 = x 1 and the above constraints on the exponents we may verify that
(Note also that αx 1 = ax 1 − bx 2 , etc. If η = 0 we substitute for ρ as above, while if η = 1 must choose t 3 appropriately.) Then F determines a discrete cocompact embedding of π in Isom(Sol 4 1 ).
Orbifold bundles and diffeomorphisms
Infrasolvmanifolds are the total spaces of orbifold bundles with infranilmanifold fibre and flat base. (See Chapter 7 of [7] .) Baues showed that in all dimensions infrasolvmanifolds are determined up to diffeomorphism by their fundamental groups [2] . In dimensions ≤ 3 this follows from standard results of low dimensional topology. We shall show that related arguments also cover most 4-dimensional orbifold bundle spaces. The following theorem extends the main result of [4] (in which it was assumed that π is not virtually nilpotent).
Theorem 6. Let M and M ′ be 4-manifolds which are total spaces of orbifold bundles p : M → B and p ′ : M ′ → B ′ with fibres infranilmanifolds F and F ′ (respectively) and bases flat orbifolds, and suppose that
If π is virtually abelian and β 1 (π) = 1 assume that π is orientable. Then M and M ′ are diffeomorphic.
Proof. We may assume that
. Suppose first that π is not virtually abelian or virtually nilpotent of class 2. Then all subgroups of finite index in π have β 1 ≤ 2, and so
Moreover π has a characteristic nilpotent subgroup ν such that h(π/ν) = 1, by Theorems 1.5 and 1.6 of [7] . Let ν be the preimage in π of the maximal finite normal subgroup of π/ν. Then ν is a characteristic virtually nilpotent subgroup (with It is highly probable that the arguments of Fintushel can be extended to all 4-manifolds which admit smooth S 1 -actions, and Theorem 6 is surely true without any restrictions on π. (Note that the algebraic argument of the final sentence of this theorem does not work for nine of the 30 nonorientable flat 4-manifold groups π with β 1 (π) = 1.)
Since all such groups are realized geometrically, every smooth 4-manifold admitting such an orbifold fibration is diffeomorphic to a geometric 4-manifold of solvable Lie type.
Theorem 7. Let M be a closed 4-dimensional infrasolvmanifold. Then M is diffeomorphic to a geometric 4-manifold of solvable Lie type, which is determined up to diffeomorphism by π 1 (M).
Proof. Let π = π 1 (M). Then π is a torsion-free virtually poly-Z group of Hirsch length 4. If π is virtually nilpotent then it is the fundamental group of a E 4 -, Nil 3 × E 1 -or Nil 4 -manifold [5] . Otherwise π is the fundamental group of a Sol 4 m,n -, Sol 4 1 -manifold, by Theorems 1, 2, 3 and 5. Since all such manifolds are infrasolvmanifolds (cf. Chapter 7 of [7] ) the result follows from Theorem 6 (unless π is virtually abelian, β 1 (π) = 1 and w 1 (π) = 0) or from [2] (in general).
